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Abstract
In this article. N-fractional calculus of the logarithmic function in title is
discussed.
A theorem is presentcd as follows for examplc.




$+ \sum_{\prime}^{\infty}\frac{1}{k}T_{L}^{k\nabla}\frac{\lfloor 1^{\sim}2k]_{m}\Gamma(\underline{\frac{1}{Q}}m+k+\gamma)}{m!\Gamma(\frac{1}{2}m+k)}S^{m}\}\backslash \cdot=1m.=0\infty$
$(| \Gamma(\frac{1}{2}-+^{\wedge}!)|_{\dot{\prime}}|I^{-}(\frac{1}{2}m+k+\gamma)|<\infty)$
and
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(ii)
$+ \sum_{k.=1}^{\infty}\frac{1}{k}T^{k}\sum_{m=0}^{\infty}\frac{L1^{\vee}2k_{J^{1_{\eta}}}^{arrow}\overline{!}\frac{1}{2}m+kj_{n}}{m!}S^{m}\}(n\in Z^{+})$ $(n- th deri1\overline{!}ativ^{-}es)$
w-hcrc $S= \frac{c}{(\tilde{4}^{-b)^{1}/2}}:T=\frac{d}{\angle,\sim-\tilde{b}}\dot,$ $|S|<I,$ $|T|<1_{\dot{l}}$
and $[\lambda]_{k}(k\in Z_{0’}^{\perp}):\backslash :;^{\lambda^{-}}$otation of Pochhammer.
\S O- Introduction (Definition of Fkactional Calculus).
(I) Definition. $(b\backslash \overline{\prime}$$K. \wedge^{-}\backslash ishimoto)$ ( $[1]$ Vol. 1)
Let $D=\{\underline{D}, D\}_{:}C|=\{\underline{C}, C\}+$
$C-$ be $a$. curve aIong the cut joining two points $\tilde{z}$ and $-oc+i{\rm Im}(z)_{:}$
$C$ be a curve aIong thc cut joining two points $z$ and $\infty+iIm.(z)_{\dot{\prime}}$
$D-$ be a domain snrrounded bv $\underline{C}_{i}D+$ be a domain surroundcd bv $C_{J}+\cdot$
(Here $D$ contains the points over the curve $C$)
Moreover: let $f=^{x}/(z)$ be a regular function in $D(z\in D)\dot,$
$f_{\nu}=(f)_{\iota/}=c(f)_{i\text{ }}= \frac{\Gamma(i\text{ }+1)}{2\pi i}1_{c}\frac{f(\xi)}{(\xi-\tilde{z})^{t\text{ }+1}}d\xi(\int$ $\not\in Z^{-})_{\tilde{\prime}}$ (0.1)
$(f)_{-m}$. $= \lim_{1\text{ }arrow-m}.(f)_{\nu}(m\in Z^{+})_{\dot{\prime}}$ (0.2)
where $-\sim-\leq\arg(\xi_{\vee}^{\sim}-’)\leq\overline{|},$ for $\underline{C}_{l}$ $0\leq\arg(\xi-z)\leq 2\pi$ for $C$ )
$+$
$\xi\neq z_{:}$ $Z\in C_{:}$ i $\in R_{j}$ $\Gamma$ : Gamma $function$ ,
then $(f)_{v}$ is the fractional differintegration of arbitrary order $\nu$ (deriva-
tivcs of ordcr l for $>0,\cdot$ and integrals of order -l for $l$ $<0$ ) $.$, with
$re\backslash spect$ to $z_{J}$. of the function $/^{\mathcal{L}}j$ if $|(f)_{\nu}|<\infty$ .
(II) On the fractional calculus operator $N^{\nu}[3]$
Theorem A Let fractional calculus operator (Nishimoto‘s operator)
$N^{V}$ be
$N^{l\text{ }}=( \frac{\Gamma(\nu+1)}{2_{\overline{/|}}i}.1_{c}\frac{\mathscr{K}}{(_{-}^{c}<-z)^{\nu+1}})$ $(l$ $\not\in Z^{-})$ . [Refcr to (1.1)] (0.3)
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with
$N^{-m}=\varliminf_{\nu-m}.N^{U}$ $(m\in Z^{+})$ , (0.4)
and define the binary operation $\circ as$
$N^{\beta}\circ N^{\alpha}f=N^{\theta}N^{\alpha}f=N^{\beta}(\mathscr{N}^{\alpha}f)$ $(\alpha_{\dot{J}}\beta\in R)_{\dot{\prime}}$ (0.5)
thcn the set
$\{N^{U}\}=\{N^{l^{l}}.|\iota’\in R\}$ (016)
is an Abelian product group (having continuous index $r$ ) which has the
$in\tau_{\overline{f}}erse$ transform operator $(N^{\nu})^{-1}=N^{-\nu}$ to the fractional calculus op-
erator $N^{f\text{ }}$ : for the function $f$ such that $f\in F=\{f:,$ $0\neq|h|<\infty,$ $\iota/\in$
$R\}.,$ where $f=f(z)$ and $\tilde{\mathcal{L}}\in$ C. $(viz.$ $-\infty<$ $\iota$- $<\infty)$
(For our convenience, $w’e$ call $N^{\theta}oN^{\alpha}$ as product of $N^{\beta}$ and $N^{\alpha}$ )
Theorem B Th$e”$ F.O.G. $\{N^{\nu}\}’$ is a$n”$ Action product group which
has continuous index $\nu$ ’ for the set of $F.($F.O.G.: $Frac^{A}:^{l,}.\cdot\cdot$ ;al calcul.us
operator group)[3]
Theorem C. Let
$S;=\{\pm N’\}\cup\{0\}=\{N^{t\text{ }}\}\cup\{-N^{U}\}\cup\{0\}$ $(\iota$ $\in R)$ (0.7)













$(u \cdot t^{j})_{\alpha}=\sum_{k=0}^{\infty}\frac{\Gamma(\alpha|\perp 1)}{1_{\vee}\prime!\Gamma(0.\cdot\perp_{\mathfrak{l}}1-\tilde{k})}u_{\alpha-k}v_{k}(u=u(z),\cdot v=v(z))(0.12)$
$\overline{w}herez\neq c$ in (0.9): and $z-c\neq 0_{\dot{c}}1$ in (0.10) $a,nd(0.11)$ .
\S 1. Preliminary
Theorem D. below for the fractional calculus of a logarithmic function
is reportcd by K. .Nishimoto (cf. J. Frac. Calc. Vol. 29, $*Vay$ (2006), pp.
35-44) $[12j$ .
Theorem D. We $ha^{-}\vee^{\sim}e$
(i)
$(\log((z-b)^{\beta}-c))_{\gamma}=-e^{-i_{\overline{t}_{\hat{i}^{l}}}}\beta(z-b)^{-\gamma\neg}1(\gamma)$
$\cross\sum_{k=0}^{\circ c}\frac{\Gamma(\beta-k1\gamma)}{\Gamma(-\prime/)\Gamma_{\backslash }^{(.0-}\backslash \cdot vk+1)}(\frac{c}{(\tilde{\mathcal{L}}^{-}-b)^{\beta}})^{k}$ $i \backslash ..|\frac{\Gamma(\beta k+^{\wedge r}\prime)}{\Gamma(\beta k+1)}|<\infty)$ (Ll)
and
(ii)
$(\log((z-b)^{r_{\text{ }}^{f}}-c))_{m}$ . $=(-1)^{m.+1}\beta(\mathcal{Z}^{-}-b)^{-m}.\Gamma(m)$
$\cross\sum_{k=0}^{\infty}\frac{\Gamma(\beta f_{\mathfrak{i}1}^{\wedge.\perp m)}}{\Gamma(m)\Gamma(.\theta\tilde{\mu}_{d|}\perp 1)}(\frac{c}{(z-\tilde{b})^{\beta}})^{k}$ $(m\in Z^{+})$
where $(z-b)^{6}-c\neq 0,\cdot 1,\cdot$ and $|c/(\tilde{\mathcal{L}}^{-b)^{\beta}|}<1,\cdot$
and $[\lambda]_{k}=\lambda(\lambda+1)\cdots(\lambda+\overline{h}-1)=\Gamma(\lambda+k)/\overline{\downarrow}(\lambda)$with $[\lambda]_{0}=1$ ,
(Notation of Pochhammer). (1.2)
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And the Theorem $E$ below is reported by K. Nishimoto already (cf. JFC
Vol. 32. Nov. (2007), pp. $1\overline{(}-28)[13]$ .
Theorem E. We have
(i)
$(\log(((z-b)^{\theta}-c)^{\alpha}-d))_{\gamma}=-e^{-i\overline{\prime}\gamma}$ ( $z$ ) $=$
.
$\cross[\alpha\beta\sum_{k=0}^{\infty}\frac{\Gamma(^{\prime 2}1Jk+^{\wedge}/’)}{\Gamma(\beta k+1)}(\frac{c}{(z-b)^{\beta}})^{k}$
$+ \sum_{k=1}^{\infty}\frac{1}{k}(\frac{d}{(z-b)^{\alpha\theta}})^{k}\sum_{m=0}^{\infty}\frac{[\alpha kj_{m}\Gamma(\beta m+\alpha\beta k+\gamma)}{m!\Gamma(\beta m+\alpha\beta k)}(\frac{c}{(z-b)^{\beta}})^{m}]$




$+ \sum_{k=1}^{\infty}\frac{1}{k}(\frac{d}{(z-b)^{\alpha/.7}})^{k}\sum_{m=0}^{\infty}\frac{[\alpha k\sim\rfloor_{m}-[\beta m+\alpha\beta’k]_{n}}{m!}(\frac{c}{(z-b)^{\beta}})^{m}]$
where $((z-b)^{\beta}-c)^{\alpha}-d\neq 0_{j}1.(n\in Z^{\perp})$
and $| \frac{\check{d}}{((\angle\sim-b)^{\beta}-c)^{\alpha}}|\cdot,$ $| \frac{c}{(z-b)^{\beta}}|,$ $| \frac{d}{(z-b)^{\alpha\beta}}|<1$ . (1.4)











$+ \sum_{k=1}^{\infty}\frac{1}{k}T^{k}\sum_{m.=0}^{\infty}\frac{[2k]_{m}[\frac{1}{2}m+k]_{n}}{m!}S^{m}\}(n\in j_{\lrcorner}^{7+})$($n-$th derivatives)
where $S= \frac{c}{(\tilde{\iota}-b)^{1/2}}\prime T=\frac{d}{z-b’}.|S|<1,$ $|T|<1$ . (2.3)
Proof of (i). Sct $\beta=1/2$ and $\alpha=2$ in Theorem $E(i),\cdot$ We obtain (2.2)
under the conditions stated before.











where $| \frac{c+\sqrt{d}}{(z-b)^{1/2}}|,$ $| \frac{c-\sqrt{d}}{(z-b)^{1/2}}|<1$ . (2.5)
Proof of (i). We have
$\log f=\log\{\sqrt{z-b}-c-\sqrt{d}\}\{\sqrt{z-b}-(:+\sqrt{d}\}$
$=\log((z-b)^{1/2}-(c+\sqrt{d}))+\log((z-b)^{1/2}-(c-\sqrt{d}))$ (2.6)











Therefore. we obtain (2.4) from (2.7). (2.8), and (2.9) clearly.
Proof of(ii). Set $\gamma=n$ in (2.4).
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\S 3. Some Identities
Theorem 3. We have the identities beIow:’
$(\tilde{1})$
$\sum_{k\underline{\sim}1}^{\infty}m\triangleleft\sum_{-}^{\infty}\frac{[2k]_{m}\Gamma(^{\lrcorner}m+k\perp\gamma)}{k\cdot m_{\vee}^{1}\Gamma(\frac{J}{2}m\perp k)}S^{f,}T^{\dot{\kappa}}$
$= \frac{1}{2}\sum_{k=0}^{\infty}\frac{\Gamma(_{2}-1k+\gamma)}{\Gamma(_{2}-1k\perp 1)}J_{1\square ^{(}}r(_{\frac{c\perp\sqrt{d}}{(\backslash z-b)^{1/\angle}})^{k}+}(\frac{c-\sqrt{d}}{(\overline{<}^{-b)^{1\prime 2}}}t_{-2S^{k}}^{k})\},$ (3.1)
$(| \Gamma(\frac{1}{2}k+\gamma)|,\cdot$ $| \Gamma(\frac{1}{2}m+k+\gamma\lambda<\infty)$
and






$T=d/(\overline{\langle}^{-b)}\dot{\prime}$ $|S\dagger<1$ , I $T|<1$ , I $(C\pm\sqrt{d})/(\overline{\langle}-b)^{1/2_{1<1}}-$
Proof of $(i)_{:}\ddagger t$ is clear from Theorem I (i) and Theorem 2 (i).
Proof of (ii). Set $\gamma=n$ in (i).









where $| \frac{\pm\sqrt{d}}{(z-b)^{1/2}}|<1,\cdot(n\in Z^{+})$ . (34)
Proof of (i). Set $c=0$ in (1).
Indeed we have
$(\log(z-b-d))_{\gamma}=-e^{-i\pi\gamma}\Gamma(\gamma)(z-b-d)^{-\gamma}(|\Gamma(\gamma)|<\infty)$ (3.5)










from (3.5) and (3.6).
Proof of (ii). Set $\gamma=n$ in (3.3).
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($S$ is the one shown in Theorem 1) (semi derivatives) from Theorcm
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